Abstract-In energy harvesting communications, the transmitters have to adapt transmission to availability of energy harvested during the course of communication. The performance of the transmission depends on the channel conditions which vary randomly due to mobility and environmental changes. In this paper, we consider the problem of power allocation taking into account the energy arrivals over time and the degree of channel state information (CSI) available at the transmitter, in order to maximize the throughput. Differently from previous work, the CSI at the transmitter is not perfect and may include estimation errors. We solve this problem with respect to the causality and energy storage constraints. We determine the optimal offline policy in the case where the channel is assumed to be perfectly known at the receiver. Also, we obtain the power policy when the transmitter has no CSI. Furthermore, we analyze the asymptotic average throughput in a system where the average recharge rate goes asymptotically to zero.
I. INTRODUCTION
The ever-growing use of information technology dominates many areas. Although it improves the performance of communications networks, the transmission devices in these networks consume a significant amounts of energy. In this context, recent advances in communication and the massive search for green technologies are leading to interest in systems powered by energy harvested transmitters (TXs) in wireless communications. The performance of such systems is determined by adapting the transmission power to energy availability. The analysis of this performance leads to several transmission methods and power allocation policies that were presented in recent works.
A. Related work
One approach is to sustain a performance while preserving a balance between harvested and consumed energy, i.e., energy neutrality [1] . The point-to-point data transmission with an energy harvesting (EH) node is considered in [2] - [4] . In [2] , the authors assumed that the channel state information (CSI) available at TX (CSI-T) and the receiver (RX) (CSI-R) is perfect. When the CSI-T is available, the offline power policy that maximizes the achievable rate is Water-Filling in time. A This work was funded by the KAUST office of Competitive Research Funds. battery with energy leakage is considered for the problem of the offline power scheduling for EH systems in [3] . In [4] , the authors take into account both the arrivals of the harvested energy and the data over time to solve the transmission completion time minimization problem. In [5] , increasing the lifetime of the energy storage device has been proposed to reduce the energy consumption. A different path is taken in EH communications where the authors in [6] - [9] , introduce the concept of energy cooperation in EH communications. In [6] , the throughput maximization problem was considered taking into account the energy transfer between EH nodes. In order to enhance the performance of EH communications systems, multi-hop transmission is considered in the context of EH networks in [7] - [9] . Optimal transmission policies taking into account both transmission and processing energy costs are studied in [10] . The optimal transmission policy in the case where either causal or non-causal side information of the channel and the EH model was studied in [11] . Reference [12] investigated the short-term throughput maximization problem with an EH TX. In [13] , the authors derived the optimal power allocation for outage probability minimization with the EH constraints.
B. Scope and Contribution
In wireless communication systems, the fading level is not perfectly known at TX due to the noise in the feedback link. The design of the optimal power policy during transmission does not seem feasible without assessing the loss incurred by imperfect CSI on the performance, [14] and [15] . The framework of the present paper is close to the spirit of [2] and reports a significant extension introduced in this reference. More specifically, our work focuses on practical wireless systems where the CSI-T is imperfect. Namely, we assume that TX has an estimated version of the actual channel gain obtained, for instance, through a minimum mean square error (MMSE) filter of a feedback link. This model of CSI-T is widely accepted by the community and has been extensively adopted, e.g, [16] .
We investigate the optimal offline scheduling for maximum throughput by a deadline T in a setting where we know the energy arrival amounts which are random. Our contribution in this paper is as follows. We provide the optimal power policy for communication system powered by energy harvester nodes under the assumption of imperfect CSI-T. We study the performance of EH systems by analyzing the asymptotic behavior of the average throughput where the energy harvested amounts are very small for different cases of CSI-T. In particular, we derive a closed form expressions for the transmitted powers in terms of the energy harvested, in the low average recharge rate regime, for different cases of CSI-T availability.
C. Outline of the Paper
The organization of this paper is as follows. Section II provides the system model. In Section III, we present results developed in previous works, and our new results in the static channel case and the case where the CSI-T is perfect. In Section IV, we investigate the optimal offline policy when the CSI-T is unavailable. In Section V, we derive the optimal power allocation in fading channel when the CSI-T is imperfect. We also compare the asymptotic performance of the system at low average recharge rate for different accuracies of CSI-T. In Section VI, we provide selected numerical results. Section VII concludes the paper. g(x) = 1. When it is clear from the context, we omit a in a ≈ for convenience. For a Random Variable X, f x (·) denote the probability density function.
II. SYSTEM MODEL System description: We consider a point-to-point data transmission, during a deadline T, in EH communication systems. Energy needed for transmission is harvested by TX during the communication, as shown in Fig.1 . TX has a limited battery capacity which can store at most E max units of energy, and we assume that all the harvested energy is used only for transmission. The channel between TX and RX is possibly a fading channel. The received signal y is given by:
where h ∼ CN (0, σ 2 ) is a zero mean circularly symmetric complex variable with variance σ 2 , x is the channel input, and n is a zero-mean additive white Gaussian noise with spectral density N 0 , and is independent of h. The energy available determines the feasible bits that can be transmitted during each epoch of duration L. With a cost of Lp units of energy, TX sends L 2 log(1 + γp) bits of data, where p is the power used for transmission and γ is the fading level given by γ = |h| 2 . Channel model: The channel may be either static or a fading channel. When it is a fading channel, it varies randomly due to the environment. In most operating scenarios, the wireless channel varies slowly over time, so the fading level is assumed to be constant at each epoch during the transmission of data. That is why, we can consider a change in the channel fading level in a discrete time t ] is h i . We assume that during the communication perfect CSI-R is available. Different scenarios for the availability of the CSI-T are studied in this work. In the case where the CSI-T is perfect, we consider that changes in fading are known before the beginning of the transmission. On the other hand, if TX does not know perfectly the instantaneous CSI due to different sources of errors in the estimation process such as noise, TX estimates the actual channel as h. The channel estimation error is denoted ash which is zero-mean and independent of h. The channel estimation model can be written as:
where α is the error variance, α ∈ [0, 1].
Energy model: We consider the case where energy arrives at TX in a discrete time t arrives at TX. The energy is used only for data transmission, the unused energy is saved in the battery. We assume that the amount of energy arrival is a random variable with a density function f E (.), and the instants of energy arrivals are known before the communication starts.
Let us define the number of events by N , i.e., N = m + n − k, where m designates the number of times the channel state changes, n designates the number of times the energy arrives and k is the number of times when the channel changes and the energy arrives at the same time. We denote E i the amount of energy arrival at each event i ∈ 1, N . To simplify the expressions and to have the same number of epochs for different scenarios studied in this paper, we denote E i = 0 if the event i is associated to times related to channel state change only. We denote by {t 0 , t 1 , ..., t N −1 } the times of an event i.e., either a change in the fading or an energy arrival and t N = T . Hence, we have N epochs denoted by e i ; i = 1, . . . , N, marked with blue color in Fig.2 , during the transmission.
Definitions: We define: -The average throughput (AT ): the throughput of the communication system per second. i.e.,
where T i denotes the throughput at epoch i. In this paper, we use these notations for AT :
• AT Stat : AT when the channel is static.
• AT P.CSI−T : AT when CSI-T is perfectly known.
• AT N.CSI−T : AT when CSI-T is unavailable.
• AT I.CSI−T : AT when CSI-T is imperfect.
-The average recharge rate (ARR): the average of energy harvested over the deadline T . i.e.,
where E i denotes the amount of energy harvested at epoch i and the averaging is over the distribution of energy arrivals. In order to obtain the power policy, we suppose that the consumption of the energy harvested is constrained by the energy profile. Therefore, we assume the constraints existing in EH systems [2] . Accordingly, we consider the causality constraint which means that TX can not use, at the current time, energy that has not arrived yet. Following recent works [2] and [12] , we assume that the transmitted power must be kept constant in each epoch. We denote the power consumed in each epoch i by p i . So, the causality constraint can be expressed as:
where L i denotes the length of each epoch. Also, we assume that the causality constraint must be satisfied with equality for the last epoch:
Because the energy arrives randomly at different time points, it is crucial to ensure that the energy level in the battery never exceeds E max . This outlines the energy storage constraint on the power policy which can be expressed as:
Therefore, our objective is to maximize the throughput given a deadline T subject to constraints in (3) and (5) for different assumptions on the availability of the CSI-T.
III. RELATED BACKGROUND AND NEWS RESULTS
In this section, we explore known results when the channel is static as well as when the channel experiences fading, with perfect CSI-TR. In both cases, we append the related subsections by new results which we obtained.
A. Static Channel Case 1) Known Results: In this section, we assume that the channel is static, i.e, channel gain is equal to γ over all epochs and known at both TX and at RX. We define the throughput maximization problem (P ) as:
s.t. : (3) and (5).
The optimal powers are defined as follows:
where ∀i ∈ 1, N − 1 , Ci = 2(
where β i 's and η i 's are the Lagrange multipliers related to the causality and the no-energy-overflow constraints, respectively. This solution is consistent with solution derived in many recent works such as [2] , [4] and [12] , where the authors show that the optimal power policy can be interpreted as a Water-Filling algorithm.
2) New Results: Below, we present our asymptotic results at low ARR. a) Low ARR Regime: Now, we investigate of utmost interest the optimal power policy in the case where the energy arrivals amounts are very small. This targets applications where the energy harvested is very small at each epoch, i.e., E i → 0, ∀i. In this regime, since the battery capacity E max is greater than the energy harvested, constraint (5) is always inactive. Hence, our optimization problem can be written as follows:
As developed previously, the optimal solution is given by a Water-Filling algorithm. In the regime of interest, the optimal has a simple closed form in the sense that it is exempt of Lagrange multipliers as formalized by Theorem 1. 
The optimal power allocation for epochs i k−1 + 1,i k−1 + 2,...,i k k ≥ 1 is given by:
Remark 1.
• The optimal power policy in the low ARR suggests that the powers are very low.
• We note that the power policy given by Theorem 1 is also optimal as long as E max → ∞ without the need of E i → 0. This can be shown along similar lines of the proof. In fact, this power allocation is optimal whenever constraint (5) is inactive. In that case, the asymptotic equality in (9) (≈) is substituted by an equality (=).
• The epochs i k can be seen as the transition slots where the water level changes after these slots.
As a direct consequence of Theorem 1, one can obtain a simple expression of AT static in the regime of interest as stated in the following Corollary.
Corollary 1.
Provided that all harvested energies are asymptotically low, AT grows linearly with the ARR, i.e.,
B. Fading Channel Case 1) Known Results: Unlike the previous part, we consider a fading channel which changes randomly at each epoch γ i , and it is known perfectly at TX. Hence, the throughput maximization problem in this case is expressed as:
where ∀i ∈ 1, N − 1 , Ci = 2
where β i 's and η i 's are the Lagrange multipliers related to the causality and the no-energy-overflow constraints, respectively. This solution is quite consistent with the one derived in recent work [2] , where the authors show that the solution of this problem can be interpreted as a Directional Water-Filling algorithm.
2) New Results: Below, we present our asymptotic results at low ARR regime. In fact, we derive the optimal power scheme in terms of energy harvested without any Lagrange multiplier.
• The low ARR regime: In this regime, the energy storage constraint is always satisfied. In fact, the battery capacity E max is greater than the energy harvested amounts. Therefore, the throughput maximization problem can be written as follows:
The optimal solution for this problem is given by Theorem 3 in section V just by setting α = 0.
Conjecture 1.
In the low ARR regime, we have observed numerically that, the average throughput increases linearly as the the average recharge rate, we have:
A direct consequence of our numerical observation is to evaluate the enhancement, in terms of data transmission rate, provided by the CST-T regarding the static channel. The following corollary illustrates this gain.
Corollary 2. The Directional Water-Filling algorithm in the case where the channel is perfectly known at TX has a linear gain over the case where channel is static. This gain depends on the the statistical property of the fading distribution, i.e.,
IV. OPTIMAL OFFLINE POWER POLICY WITHOUT CSI-T
In this section, we assume that TX does not have information about the fading level of the channel and only the probability density function f γ (·) is known in this case. Consequently, the throughput maximization problem can be expressed as:
s.t. : (3) and (5). (16b) The related optimal solution of problem (P 4 ) is given below.
Theorem 2. Given an energy harvested profile, the optimal policy when the CSI is unavailable at TX is the same as the power policy in the case when the channel is static during communication.
The interpretation of Theorem 2 is that when the CSI is not available at TX, the transmission is blind and independent of the fading channel. Therefore, the throughput maximization is related only on the energy arrival amounts without any adaptation to the fading level. That is why the optimal power policy with no CSI-T is the same as in the static channel case. Low ARR regime: Proposition 1. Given that all energies are very low. The AT grows linearly with ARR as ARR decreases to zero, i.e.,
Since the achievable AT Stat is asymptotically equal to γ 2 ARR as per Corollary 1, then (17) asserts that with no CSI-T, no gain is provided by fading in terms of AT .
V. OPTIMAL OFFLINE POWER POLICY WITH IMPERFECT CSI-T
In this section, we analyze the performance of the TX when partial CSI-T is available. To the best of our knowledge, no results capturing this setting has been reported in the literature previously. For this case, we consider the channel estimation model given by (2) . We define the offline point-topoint throughput maximization problem subject to constraints (3) and (5) of an EH system as:
We note first that (P 5 ) is different from (P 4 ) in the sense that the expectation in the objective function of (18) is conditioned on knowledge ofγ. It can be shown that (18) is a convex optimization problem, since the objective function is concave in p i and the constraints are linear. Hence, the Karush-KuhnTucker (KKT) conditions provide necessary and sufficient optimality equations. The KKT conditions for problem (18) are:
with p * i ≥ 0. The solution for this problem is formalized in Proposition 2.
Proposition 2. Let the function Gγ(·) be defined on [0, +∞) by
Let C i be the constant defined by: Ci = 2 N − 1 and CN = 2βN . Then, the optimal solution of problem (18) is given by:
where
is the inverse function of Gγ(·). In the above optimization problem, the Lagrange multipliers β i 's and η i 's are determined by the complementary slackness conditions:
where p * j is given in Proposition 2. We note that our result in Proposition 2 captures the cases no CSI-T and perfect CSI-T as special cases. Hence, our framework may be viewed as a generalization of the previous results reported in the literature [2] , [4] and [12] . To see this, one can set f γ|γ (γ) = δ(γ −γ) to retrieve results corresponding to pefrect CSI-T. In this case,
The power p * i (γ) in (22) coincides with the one derived in [2] . On the other hand, setting f γ|γ (γ) = f γ (γ) yields the same results as the one reported in the previous section.
Next, we study the asymptotic behavior of the AT as the ARR converges to 0. This provides an insight on the AT when the harvested energy is scarce.
Low ARR regime: In order to evaluate the AT when the energy harvested amounts are scarce, we investigate the optimal power policy in this regime when the CSI-T includes estimation errors. Again, in a such regime, the energy storage constraint is always satisfied. In fact, the battery capacity E max is greater than the energy harvested amounts. Therefore, the throughput maximization problem can be written as follows:
The optimal solution for problem (P 6 ) is given by the following theorem. 
The optimal power allocation for epochs i k−1 +1,i k−1 +2,...,i k k ≥ 1 is given by: p * i (γ) = 0, ∀i ∈ i k−1 + 1, i k − 1 and
Remark 2.
• For communications with EH constraints, the optimal power policy in the low ARR regime, derived previously, has an interesting structure "save then transmit". TX equipped with an energy harvester node saves the harvested amounts of energy then selects the appropriate estimate of the fading gain to transmit data.
• The above theorem states a low-complexity power allocation algorithm for throughput maximization, in the low ARR regime, in the case where the CSI-T is imperfect.
Theorem 4.
Given an error variance α, the AT in the low ARR regime is a combination of the AT when the fading level of the channel is known perfectly and the AT when the CSI-T is unavailable, i.e.,
VI. NUMERICAL RESULTS
In this section, selected numerical results are provided to validate our theoretical claims. Indeed, we consider a point to point communication system in order to compare the average throughput of this system, for either the static case or the fading case, during the transmission of data under EH constraints. To obtain numerical results, we consider a bandlimited additive white Gaussian noise channel, with bandwidth W chosen W = 1 MHZ for simulations, with h ∼ CN (0, 1) and N 0 = 10 −19 W/Hz. Consequently, γ has an exponential distribution with mean 1. All the simulations are performed for 10 4 realizations of energy. As mentioned, in our considered model, TX knows perfectly the realization of energy before starting the transmission of data. We assume that the times of energy arrivals are fixed and the amounts of the energy is a uniform random variable with mean equal to E. We examine the AT of our system over a deadline T = 10 sec where the battery has a limited capacity equal to E max = 20 J. In Fig.3 , we analyze the performances of the optimal offline policies for different scenarios depending on the availability of the CSI-T. We consider static channel in the first step then we study the case where we have the channel estimation noise with error variance equal to α. From Fig.3 , we can see that the EH system with static channel performs better than the one experiencing fading when ARR is relatively high. However, at low ARR, the fading channel has better performance than the static channel as shown in Fig.3 (zoomed part) . In fact, (28) This highlights the gain provided by the CSI-T over the static case, at asymptotically low ARR which shown in Fig.4 . Indeed, at low ARR the EH system take advantage from the partial knowledge of the channel to enhance its performance. As shown in Fig.4 , the gain is constant relative to ARR which depends only on the error variance. Also in Fig.4 , we can observe that the communication system, in the case where the channel is static equal to 1, has the same performance as the case where the channel experiences fading without CSI-T. This result is quite consistent with our theoretical results derived in the previous sections.
VII. CONCLUSION
In this paper, we have considered a point-to-point data transmission with EH TX where the CSI-R is perfect. First, we have reviewed the background related to our work, when the channel is static during the transmission and when the CSI-T is perfect. Also, we have provided our new results for these cases. For instance, we have derived a closed form expression of the optimal powers in terms of the energy harvested when the amounts of energy are very low. Then, we have considered the scenario with no CSI-T. Indeed, we have investigated the optimal power scheme that maximizes the data transmission rate. Afterwards, we have focused on more realistic scenario when the CSI-T is imperfect. In this case, we have derived the optimal power policy that maximizes the throughput with the knowledge of the EH profile during the communication. We have shown that our framework captures the no CSI-T and perfect CSI-T scenarios as special cases and thus may be viewed as a generalization of previous results. On the other hand, we have studied the asymptotic behavior of the AT when the ARR is very low, for this scenario. Based on our study, in the low ARR regime, a partial knowledge of the CSI-T improves the performance of the communication in terms of the data transmission rate. The gain induced depends on the error variance α.
